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We consider an exclusion particle system with long-range, mean-field-type inter-
actions at temperature 1/8. The hydrodynamic limit of such a system is given by
an integrodifferential equation with one conservation law on the circle €: it is
the gradient flux of the Kac free energy functional Fyz. For f< 1, any constant
function with value me[ —1, +1] is the global minimizer of Fg in the space
{u: f u(x)dx=m}. For B> 1, Fyg restricted to {u: [, u(x) dx=m} may have
several local minima: in particular, the constant solution may not be the
absolute minimizer of F;. We therefore study the long-time behavior of the par-
ticle system when the initial condition is close to a homogeneous stable state,
giving results on the time of exit from (suitable) subsets of its domain of attrac-
tion. We follow the Freidlin-Wentzell approach: first, we study in detail Fp
together with the time asymptotics of the solution of the hydrodynamic equa-
tion; then we study the probability of rare events for the particle system, ie.,
large deviations from the hydrodynamic limit.

KEY WORDS: Phase segregation models; exclusion processes; mean-field
interaction; nonlocal evolution equation; large deviations; Freidlin—-Wentzell
theory; metastability.

1. INTRODUCTION

Continuum (PDE) models of phase transitions have been proposed since a
long time (like for example the Allen-Cahn and the Cahn-Hilliard equa-
tions, see, e.g., ref. 15 and references therein) to model a variety of dynami-
cal phenomena involving two or more phases or constituents. However, in
many of the phase segregation phenomena, like nucleation and metasta-
bility, randomness plays a crucial role. In order to model these phenomena
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one can insert some ad hoc stochastic terms in the original PDE: this has
been done in a variety of ways (see, e.g., ref. 15). However, the choice of the
stochastic terms in modelling a real system requires a deep physical insight
and it is certainly not easy to choose one type of stochastic term that will
reproduce the whole spectrum of phenomena of the real system we wish to
model (see ref. 12 for a review). Also, random effects should be the rem-
nance of microscopic effects. As such, they act on a very fine scale and are
extremely irregular, so that the physically suggested stochastic modifica-
tions of a PDE, typically of white noise type, are often not well posed.

An alternative and, in a sense, more satisfactory way is to look directly
at some stochastic particle model, whose evolution law in the large scale
limit is a PDE, and for which it makes immediate sense to talk about
fluctuations and stochastic effects, on a finer scale.

The progress made in the study of the large scale behavior of
stochastic particle systems, (see e.g., ref. 20), has made possible to attack
directly from a microscopic standpoint the problems. Very detailed results
are already available in the case of systems without a conservation law, see
for example refs. 5, 6 and 3. The particle system in this case is a spin flip
dynamics with long range (mean field type) interactions. Instead, the case
with one conservation law is much less developed. We focus here on an
exchange process with mean field type interactions.

In 1991, Lebowitz, Orlandi and Presutti studied an exclusion process
on Z with long range interaction at temperature f~'. More precisely, the
interaction is 2-body and given by Juy(x, y)=N"'J((x— y)/N), with
x, yeZ. J is a smooth, compactly supported positive function of integral 1.
They proved, among other things, that suitable empirical averages on the
space scale N'*% and time scale N%!+%) converge to the solution of the dif-
fusion equation

O,u=V[Dg(u) Vu] (L.1)

with Dy(u)=[1—p(1—-4*)]/2 and u, a smooth initial condition with
Dg(u,(r)) >0 for all r (and thus, Dg(u(r, 1)) >0 for all r and ¢, see ref. 16).
When B> f.=1, Dy(u)<0 in an interval [ —m}, +m}] (the forbidden
interval). The system was derived as a first order expansion (see ref. 16) of
a dynamics which is reversible with respect to the local mean field Gibbs
measure with interaction J,."""2% Here we just recall a few basic facts: the
constrained free energy!'”) associated with this measure is

X 17/1+ 1+ 1 — 1— 2
.fﬂ(u)=ﬁ{< 2“>1og< 2”>+< 2”>1og< 2“)}—“? (1.2)
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which has a symmetric double-well structure if > 1. The two minima m
and —m ; are called phases and m; >mj. The values +m} are the
inflection points of /4, so that f; is convex when restricted to [ —1, —mj]
or [mf, 1]. There is a standard terminology for this equilibrium model:
[—mg, —m})u(mf, mg ] is called the metastable region, and [ — 1, —mj ]
u[ —mg, 1] is called the stable region. The convergence to the solution of
(1.1) holds in the stable and metastable regions, but there is no trace in
(1.1) of the transition between these regions. It is certainly expected that the
behavior of the particle system at a very large time will be different in the
stable and metastable regions.'”’ In the metastable region, it is expected
that the system started on a homogeneous profile, eventually rearranges
itself into regions in which u =~ +m, separated by interfaces.

In 1994, Yau®" studied the hydrodynamic limit for a continuous spin
model with local mean field interaction and established the validity of a
nondegenerate diffusion equation similar to (1.1), for initial conditions
analogous to these in ref. 16. However, he could also prove the validity of
such an equation for very large times: up to ¢ = O(exp(N°*)), for some & > 0.
Yau conjectured that the result could be improved up to choosing ¢=1
(at a more physical level this had been observed earlier by Lebowitz and
Penrose(!?).

The relevance of the integral equation

%u(x, t)=%V [Vu(x, 1) —B(1 —u(x, t))JVJ(x—y) u(y, t)dy (L.3)

(or its analog for ref. 21) was recognized in both refs. 16 and 21. Equation
(1.3) describes the behavior of the system on space scale N and time scale N2,
When J >0, there are two competing effects: the diffusion and a nonlocal
advection term. Note that if J is taken to be a delta-distribution, then
Eq. (1.3) becomes (1.1).

In the particle systems in refs. 16 and 21 there are three distinct spatial
scales:

(i) The microscopic scale, ie., the lattice scale;

(i1) The mesoscopic scale, i.e., the scale of the potential (distances of
O(N) lattice sites);

(iii) The macroscopic scale, ic., the scale (or family of scales) in
which the range of the potential is very small (for example O(N'*?) lattice
sites, for some ¢ > 0).

We study the conjecture that we mentioned above!*” on the
mesoscopic scale where we average the density over a size of the order of
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the range of the potential. More precisely, we provide estimates on the exit
time from suitable neighborhood of a homogeneous profile m in the
metastable region.

Our work parallels Comets’,'® which deals with the metastability
problem for the analogous model without conservation law. The same type
of study can be done about any profile which is a minimum of Fj in the
weak topology. We have not characterized the set of minima of Fj; and we
believe that it is a challenging problem.

In ref. 10 it is observed how the evolution Eq. (1.3), when considered
in finite volume, for example on a torus %, is the gradient flux of a free
energy,

_ 2 0Fg
a,u—V[ﬂ(l u )V_éu (u) (1.4)
where

Fylu) = Jpu)de+d [ Jx— plux)—upPdxdy (1)

This clarifies the formal connection between this model and the standard
PDE models, notably the Cahn-Hilliard equation, which is just (1.4) with
Fj equal to

J,, () +2 Va2 dx (16)

where f is a symmetric double well potential (we can take f itself, with
f>1) and { is a positive parameter. We mention here common features
between the Cahn—Hilliard equation and (1.3), which are physically relevant:

— When studied on the whole line, (1.3) has a unique stationary front
joining the two pure phases.* This front is easily proved to be stable!"
(compare with ref. 2 where the Cahn-Hilliard equation is treated).

— The Cahn—Hilliard equation and (1.3) have a very close behavior
in the so called sharp interface limit (see ref. 11 and references therein).

Therefore, we can view the particle model we are discussing as a good
candidate for a stochastic modification of the Cahn Hilliard equation.

We remark briefly that, unlike the traditional formulation of the
Cahn-Hilliard equation, the evolution equation (1.3), as well as the under-
lying particle system, includes also antiferromagnetic or partly antiferro-
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magnetic systems (this is the case in which J(x) <0, for some or all values
of x), with their peculiar phenomenology.

2. THE MODEL AND THE MAIN RESULT

We take a system of particles hopping on Vy=(Z/NZ). A particle
configuration is an element 5e Xy={—1, +1}*¥ and the dynamics is
given by the generator which is defined for all g: X,y > R as

(Lng)n) =_Z‘ ¢, /(m gn*7)— g(m)] (2.1)

where 7%/ is the configuration # with the i and j entries exchanged and
¢, (m)=01if |i—j|#1 and otherwise

N2 .
o ym =2 exp { Lot - (H(n)]} (22)
where
Hyn)=— Y flJ(—i_j>nn (23)
m i=1 j=1 NV N )

where Je C*(¥%;R) and J(x)=J(—x) for all xe¥. For simplicity, we
assume that J 20, [, J=1 and that J(x) is non increasing for xe [0, 1/2],
with J(1/2) =0. The dynamics we just introduced is finite dimensional and
therefore can be constructed directly from a finite collection of exponen-
tially distributed variables (see ref. 20, p. 159, or ref. 18), once an initial
condition #(0) is given. The stochastic process generated by L, will be
denoted by {#(#)},cr and 5(-)e D([0, ©); Xy), the Skorokhod space of
X,-valued functions. It can be easily verified that Ly is self-adjoint in
L*(Xy; dvy), where vy is any element in the family of probability measures
indexed by the parameter A € R, defined as

exp { ~BH(n) — p3 ;ni} [zutp.2 (24)

where Z(f, 1) is the normalizing factor. This property is usually referred
to as reversibility with respect to vy and, in general, it plays an important
role.®® In particular, it implies that, for any 1eR, vy is an invariant
measure for the process #(-).
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In visual terms, the particles hop on the lattice at Poisson times, with
a tendency to clump together (if J>0) and, in one unit of time, there will
be O(N?) jumps, due to the factor N2 in front of the rates (2.2).

We are going to observe this system on the spatial scale N, i.e., we will
look at the empirical density

N

un= 2 Nlpa—yw, i (23)
i=1

i=

and u, is an element of M, the space of positive measures with density
f with respect to the Lebesgue measure on ¢ such that /< 1. Unless
otherwise stated, M, is equipped with the (metrizable) topology of weak
convergence induced by C%%) (we denote the duality by (-, -)). Therefore
Un(n(-))e D(R*; M, ). We will use the notation we M, with the meaning
that u(x)dxeM,. We will denote by M,,, me[0,1] the convex set
{ue M, §u(x) dx=m}.

The hydrodynamic limit (law of large numbers) for this system (see
ref. 10 for a proof) in the case of deterministic initial conditions says that
if {nx(0)}~ is a sequence such that u,(7,(0)) € M, converges to a limit
which we represent via its density u,e M, then {uy(f)} 5 converges to
u(-, t) which is the unique weak solution of (1.3).

In this paper we prove a Large Deviation Principle from the
hydrodynamic limit for general J and apply it to understand the long time
dynamics in the ferromagnetic case (J=0). This is particularly interesting
when uy(x)=m for all xe¥ and m is in the metastable region which we
define as the set of constant profiles m which are strict local minimizers
in the weak topology of F; among all functions u € M,,, but not absolute
minima in the same class. In the stable region, Fy constrained to M,, is
strictly convex and has therefore only one minimizer.

The link between the dynamical large deviation functional (which we
will call I(u) for T>0 and ue D([0, T]; M,,)) is provided by the solution
of the quasipotential problem.® We show that for suitable & € M,, that

inf{Ip(u) : u(0, ) =m, u(T, ) =&(-), T>0} =F,{ ]~ Fslm]  (26)

We are then addressing the problem of the exit from a domain:® if 1 is
the first exit time from the basin of attraction of m, then there exists ¢ >0
such that for N sufficiently large

E(ty) = exp{cN} 2.7)
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thus answering the problem raised in ref. 21 in the restricted case of
volumes of mesoscopic size. This strongly suggests that a statement like (2.7)
should be true also if the volumes are of macroscopic size, for example
|Vyl=O(N'*9) for any é >0, but to obtain such a result requires stronger
probability estimates on the system.

We will prove a result much stronger than (2.7), but only for a family
of domains in M,. We now explain in more details this result. The
problem is that the energy is not continuous in the weak topology but only
lower semi-continuous. Thus, we need neighborhoods D of m such that in
any small ball B around one minimizer of F on 8D, say u*, there are
profiles ue B n D¢ such that F(u) is close to F(u*). We cannot show that
this property holds for any D but rather build a large collection of such
good D. For m and p>0 such that any u(.-)=m,e[m—y,m+y] is
metastable, we show that there is a dense set & of positive reals and a
family, {I'r,,, for Te 9}, of weak closed neighborhoods of E={ueM,:
u(-)=me[m—y, m+y]} attracted to E with the property that if 7" <7,
then I'y. , <int, I'y, (Where int,, is the weak interior). Now we can define
for a path ue D([0, o0), M,), the stopping time

t(w)=inf{z:u(t) ¢ I'r,}

Finally, if Iy, , is the boundary of I'y, ,and 8,,I'y,,= 07, , " {u: fu=m},
our main result, proved in Section 7, reads

Theorem 2.1. For ¢>0, there is y, such that if y<y,, T,<T—¢
and N large enough, then for any nye {uy(ny)e s, ,}

%logE',’e;’[ty]— irI{f (F[é]—-F[m])|<¢ (2.8)

m- Ty

Notations. We denote the constant function u(x)=m, for xe®
simply by m. Also, besides its standard meaning, we will often use the
notation [a,b] (—1<a<b<1) to indicate the set {ueM, :u(-)=m,
a<m<b}. In the sequel, we drop the index f (e.g., m* =mg, m* =mj,
and so on) and we write the energy as

1

1
Flul=g [ s de=3 [ [ Ja—numunasdy  29)

with

¢(u)=<l;u>log<l;u>+<1;u>log<1;u> (2.10)
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We will denote by {@s}s-0 an approximate identity on 4. By this we
mean that for each 6 >0, ¢, is even, C*, supported on (—J, ) =¥ and
lims_, o | @5/ dx=f(0) for every f e C%%).

In order to keep the notation light, we will write the evolution equa-
tions always in strong form, even when they have to be interpreted in the
weak sense: the weak form is obtained by integrating against a function
Ge C*¥[0, T]; %¥) and performing the formal integration by parts.

The paper is carried out for simplicity in the case of d=1. In no argu-
ment this is essential: the probability arguments require no modifications,
while the PDE arguments require sometimes better Sobolev estimates,
which can be done straightforwardly. In case of d>1 the 2-body potential
would be J(./N)/N? and the escape time in Theorem 2.1 is of order
exp(const.N?).

Plan of the Paper. In Section 3 we establish that all possible limits
in time of the solution of (1.3) on the circle %, are extremal points of the
energy. This section is not properly essential to the derivation of the main
result, except Lemma 3.2, Lemma 3.3 and Corollary 3.7.

In Section 4, we define and characterize the metastable region and
show that there, homogeneous densities are asymptotically stable for (1.3)
in the weak topology. Then, we focus on a homogeneous profile, say of
density m, and consider a small neighborhood D of m, such that m is the
only extremal point of F in D.

In Section 5, we prove Large Deviation estimates: that is, we estimate
the probability of being in small tubes (in the weak topology) about some
trajectories linking m to the boundary of D; the estimates we obtain are
uniform in the initial configuration (in D). We have built on the work of
Kipnis, Olla and Varadhan in ref. 14, We mention that our rate function
is not convex, and that lower semi-continuity is not obvious as in ref. 14,

In Section 6, we build neighborhoods of metastable states with
desirable properties. Also, we establish several properties of the rate func-
tion.

Finally, in Section 7, we derive our main result on the exit time.

3. THE HYDRODYNAMIC EQUATION AND ITS ASYMPTOTIC
BEHAVIOR

In this section we study some properties of the solutions of

S | B i) S

ox

(J * u)] (3.1)
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for u, of average me [ —1, 1]. We denote by u(u,, t) the solution of (3.1)
at time ¢ with initial condition u,. Existence and uniqueness result for (3.1)
on the whole line were obtained in ref, 4 (see ref. 10 for the case of the
circle). Henceforth, we define by

M, = {u measurable :ue[ —1,1], fu:m}
The main result of this section is the following:

Theorem 3.1. For any uge M,,, {u(uy, 1)}, is relatively compact
in L*(#). For any limit point u* € M,, there exists 1€ R such that

u* =tanh(BJ * u* + 1) (3.2)

and u* e C*(%).

Strictly speaking, this result will not be used in the text. However it
requires little more effort than the minimal results on the time asymptotics
of (3.1) needed in the later sections and it gives a more complete picture.

The key fact that we will repeatedly use is that the functional in (2.9)
is a Lyapunov functional for (3.1). In fact, we will show that ifu, e (—1, 1),
and >0,

aF[u(u,, t)] ) [ d OF ]2
— 2 == (1- 1)) | —— t d 33
o J, i, 1) | 5= Lutug, ]| dx (33)
One difficulty arises from the behavior of the equation when u takes on the
values +1: in particular one can verify that F is not Fréchet differentiable
at any (smooth) u such that |u(x)| =1 for some xe%.
A crucial result for us is the following:

Lemma 3.2. For T>0, the map u, — u(u,, T') is continuous from
M, with the weak topology to M, with the L™ topology.

Proof. Let u and v” be solutions of (3.1) with initial condition u, and
v? respectively, and assume {v?} converges weakly to u,. If ¥(1, x) is the
heat kernel in %, u can be represented as

i, ) = (O« )+ B [ olt=5)# [Ur )1 =)9)]) s (39)
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and similarly for »". If w" =v" —u, then

Wi, 1) = P00 < wx) 4 B | Walt =) [r w1 = u)(s)

+ e x 0"(u? = (1)) ](x) (3.5)
Now, since w” is uniformly bounded, there is a constant C, such that
W (1) o < 1) * W2+ Co [ 1005 W (5) o

Now, for an arbitrary small ¢,, the classical bound |¥(¢)|, < C, /\/E gives
us

W' (t1)] o < |P(11) % W] o +2C, Cy 5up [WH(5)| o0 /11

s
<|P(1) Wil + C /1y

We can rewrite (3.5) between time f, and ¢, and if we recall that
|W(t—t1)'l=l then,

(s 13+ Dlo < W 1)l oo+ € | W i+ ) ds  (36)

|
0. /t—s
Now, for «>0, and any function g(x, ¢) define

lgll, . =supe™ |g(-, 8l

st

Clearly, t+— | gll,,, is increasing. We can multiply both sides of (3.6) by
exp(—at) to obtain

—a(t—s)

t
'Wn('at+t) e_at<|wn("t )l e—al+C J ”wn("'+t @, _ds
1 Ioo = 1/l 1 o 1)" , S \/:
at ©e ™
<y 1)l €7 Cy W74 ) | o dis

o 75

(3.7)
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We can choose a, such that C {exp( —ocos)/\ﬁ =1/2 and take a
supremum over time up to ¢ on both sides of (3.7),

—®,S

W+ 1) (1 -y f%”"‘)s W 1)l o

In other words,
IW(e, Tl o S2(1P(81) ¥ W] oo+ C /1)) €T (3.8)

Now, for any ¢>0, let #; be small enough so that 2C \/Z exp(a,T)<eg,
then choose n large enough so that 2 [¥(¢y) » wi|, exp(a,T) <e. Then
(3.8) implies that |w*(-, T)| ,<2¢e |

We will need some uniform control on the behavior of the derivatives
of u(u,, t). We collect these results in the next two Lemmas.

Lemma 3.3. For any ¢,> 0 and #, there is C(n, t,) > 0 such that for
any u,e M, and 1 > 1,

|D™u(u,, )2< Cn, t,) (3.9)

Remark 3.4. 1t is straightforward to perform parabolic estimates
(like for example in ref. 13) to show that if u,e C®(¥), then w(u,,?)e
C>®(%) for any ¢t =0.

Proof. Since the case |m|=1 is trivial, we will assume |m| <1. We
first assume that u,e C®. Remark 3.4 allows us then to use (3.1) and
integrate by parts. Also, we start with the cases n=1 and 2 and explain
how the general case follows.

Suppose that there is C >0 such that for any >0

d 1
= lu(t)—m|§+5 lu ()2 C (3.10)
and,
d 2 2
7 lu ()3 < Clu (I3 (3.11)

Suppose also that there is $> ¢, such that

[u (S)|3=2(C+5/t,) e
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For any te[S—1,, S) we can integrate (3.11) between S—r and S to
obtain

lu (S — 3= u(S)|3e P =2(C+5/t,) (3.12)

and thus by (3.10),

d
E lu(t)~mI§< _S/ta

which after integration yields
U(S) —mI3< |u(S — 1,) = mIZ=51,/1,< — 1 (3.13)
which is absurd. Thus, we can take C(1,¢,)=2(C+5/t,) e“".

Now, we prove (3.10) and (3.11). We multiply (3.1) by ¥ —m and
integrate by parts

% [u(t) — m|5+ qu(t)lﬁzj (Jo % u) u (1 —u?) dx

By Cauchy-Schwarz inequality

d 1 1 1
T =m3 42 (D3 <5 [ (Ferw? dx <5 1403

Now, we multiply (3.1) by u,, and integrate by parts
d
7 OB+ 013
SJ [J,% vy ] Jug | dx+2 J [(J, * ) u,ul| lu| dx (3.14)

then by Cauchy-Schwarz inequality

d 1
O3 [ Wew =) de 2 [ U, ) g de <3 1,13 13

and we can set C=3|J,|? and obtain (3.10) and (3.11). Note that we only
used the structure of (3.1) and the boundedness of |u(7)|,. We now derive
the same equations for u,, using that |u,(¢)|3< C(1, ¢,) when t>¢,>0.
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We differentiate (3.1), multiply by D and integrate by parts

d
o 1134 D)3

=j [J, % u (1 —u)—2(J, » u) uyul, D’u

<f [ DPu(l —u?) —4J v uuu+(J o u) u, —2(J, + u) u?| |Dul
(3.15)

It is now easy to obtain from (3.14) and (3.15) that for t>¢, and some
K>0

d 1 d
Zlux(l)|§+§|uxx(t)|§<1< and Eluxx(t)|§<Klux,(t)I§ (3.16)

Similarly, for #>t,>0, there is C(2, t,) such that |u,(t)]2< C(2,t,). The
inequality for any » is obtained by taking further derivatives and integra-
tion by parts, and by repeating the same procedure.

To treat now the case of a general initial condition, note that
uvs |D*u|, is a weakly ls.c. functional. Indeed, it can be written as a
supremum over continuous functionals

j(D"u)2=sup[(—U”jub"w—%fwz}

Therefore, since u}} =a,, * u, is C* and converges weakly to #,, Lemma 3.2
tells us that for 1> 0, u(u’, t) converges to u(u,, t) in L (and therefore
weakly). By lower semicontinuity

lim inf J (D*uu”, t))22_[ (D*u(u,, 1))?

n— oo

Hence (3.9) holds for any initial condition. J

Lemma 3.5. For any ¢,>0, and u, e M,, there is D,(n, t,) >0 and
Dy(n, t,) >0 such that for 1 = ¢,

2
< Dy(n,t,) (3.17)
2

a n
\ED u(t)
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and for tzs>¢,
|D™u(t) — D"u(s)|2, < Da(n, t,)(t —s) (3.18)

Proof. We can assume that |m| < 1. From Lemma 3.3, u(u,, t)e C*
for 1>1t,. By taking n derivatives of (3.1) and the L? norm on both sides
and (3.9) we obtain (3.17). By Cauchy-Schwarz inequality

Dult) ~ Du(s)3 < (t=5) [ 1Du0)3 e < Dy, )1 —s)  (319)

By using Agmon inequality, there is C, >0 such that for t 2s>1,
|D"u(t) — D"u(s)| % < Co [D"u(t) = D"u(s)|2 [D"u, (1) —~ D"u(s)|,

and (3.18) is obtained when we use (3.19). |}

Lemma 3.6. If u,e(—1,1) is C>Y%), then u(u,,t)e(—1,1) for
all >0,

Proof. 1t has been established in ref. 4 that u(u,, t)e[ —1, 1]. Also,
when u, is C*'(%), we can interpret (3.1) in a strong sense. We define
v=1—u? and rewrite (3.1) as an equation for v. We multiply both sides of
(3.1) by —2u to obtain

u 0*u I xu oudJ*u
U= —y— 1— 2 _ 27"
N PR
Now, we use that
o du ov ou 0% 0%u ou\?
—_——= -, —=—2 -, —-:—2 —_— —_—
- W T ey M GETEa? <6x>
to obtain
ov 10% [ou\? 0% xu Ov/ 0Jxu
a—t—i'a?-{'(a) +ﬂvu——ax2 +—a—x'<u —ax > (3.20)

Now, for each ¢, we define {(¢) = min, ¢ v(¢, x). We fix a T and take r< T.
We assume that the minimum at time ¢ of v is realized at x. Let » be a large
integer to be taken to infinity later, and define 4 = T/n. We will often use
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that v is C>'(%) on the compact [0, 1] x 4. Now, by Taylor expansion,
there is C which only depends on 7, such that

v(t, x)—ov(t—4, x)?%?(t, x) 4 —C4?

Thus, as {(t— 4) <v(t— 4, x) by definition, we have

c(n—at—A»Z—;’u, X d— CA?

Now, from (3.20), there is y finite independent of ¢ such that

PJxu
ox?

0
25 (6,%) > 0lt, X) Bu =3 5= > —2y(t, %)

Thus,
o)=Lt —A) = —y{(1) 4— CA*
We multiply by exp(y(z — 4)) both terms of the equation to obtain

l1—e

[e"l(0)];_4=>—4 <y— > e”(t) — C4? (3.21)

Now, we use that { is bounded by 1, that e” <e?7, and that there C, >0
such that
1—e 74

‘y‘ 4

We sum (3.21) over all ¢ of the form £7/n for k€ {1..., n} to obtain

<C, 4

T 3L(0) 1 (C+ CeT)

The result follows now as n— 0. |
Proof of Theorem 3.1.

Step 1. We have seen that for any ¢,>0 and r>¢,, |u(#)|,<1 and
lu (1)l < C(1, t,). This implies that the family {u(z),#>¢,} is equicon-
tinuous and uniformly bounded. Ascoli-Arzeld’s theorem implies that for
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any sequence of times going to infinity there is a subsequence {t,} and u*
continuous such that

lim |u(t,)—u*|o=0
n-— w0

Now, by symmetry we can assume m > 0. If m < 1, there is ¢ >0 such that
for r =0,

1 1+m
L2+— — h — , 1 — .
r 2+2ﬂlog<1_m>=>tan (Prie[ —1+2¢ 1 —2¢] (3.22)

We choose any ¢ > 0 such that (3.22) holds and define
A,={x:1=u(t,, x)*>¢/2}, and  A={x:1—-u*x)*>¢}

Note that by Corollary 3.5, for § small enough and » large, if [t —¢,| <4,
then

AcA,,c{x: I—u(t,x)2>§}

Step 2. We know by Lemma 3.3 that «(z,) is C*>'. Let the sequence
{uze(—1,1),neN} be defined by ul(x)=(1—1/n)u(z,, x). It is easy to
see from Lemma 3.2 that for any ¢ >0, w(u?, ¢) and its first derivative con-
verge pointwise to u(¢+¢,). The reason to choose such u#7e(—1, 1) is that
the kernel of the Fréchet derivative of F is well defined only for ue(—1, 1)

oF | l+u
E[u]__‘]*u-}.ﬁbg(l—u) (3.23)

If we multipy (3.1) by 6F/du and integrate by parts, we obtain for ¢ >0,

AFT (", d OF 2
ngoﬂz —/}L(1—uz(uz,t))[—x—u[u(uz,t)]} dx

If we integrate the previous equation and recall that F is bounded,

5] 2
F[uZ]—ian>f0 f(l—uz(uz,t))[%z—f[u(uz,t)]} dxdt  (3.24)
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Also, if we restrict the space integration over A, and for n, large enough
F[ul]—inf F
v [ 0 OF 2
P 1 —u nof— t, _— mop_t
,Ena f,k_a L( u(u ) [ax 5 [u(u?, t o)]] dx dt

Now, by the continuity of F in the sup norm and Fatou’s Lemma, we
obtain

0

& f+6 8 5F 2
w>2 %, L B} L[ag[u(uo,t)]] dx dt

n=n, (]

By continuity of u*, there is x, such that u*(x,)=m. If we think of the
circle € as [ —1/2+x,, 1/2 + x,,), then we can define

a=inf{xe[ —1/2+x,,x,): 1 —u*(x)?>¢}
and
b=sup{xe(x,, 1/2+x,]:1—u*(x)*>¢}

Then A > [a, b] and by Poincaré inequality in [a, b]

X e, +6 b
o> 7]
t,—6

= a
n=n,

oF 1 (b8F 2
<$ [u(u,, 1)] “b_a L 3 [u(u,, t)]) dx dt

Because of the uniform Holder continuity in time in sup norm
(Corollary 3.5)

(b [6F 1 (b6F 2
nlirr:of <5—u [u(u,, tn)]_b-—__‘_lj E[u(uoa ln)]> =0

Hence, a.s. in [a, b]

1 [1+u*\ 1 (46F
— * —1 —_— | = o *
Teuttog Og<1—u*> b—a J o W)

If we evaluate this expression at x, and recall that 4* is continuous

1 14 u*
2—ﬂ10g<1_u*>(x)

— T w*(x) = J % u¥(x,) +2iﬂ log Gi—:) xe[a,b] (325)
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Because the right hand side is bounded, u* remains away from —1 and 1,
and by (3.22) {u*>e} =[0, 1]. Also, (3.25) shows that u*e C*. |

We prove now a corollary which will be used in Section 6.

Corollary 3.7. Let me(—1,1), u,e M,, and t>0. Assume that

dF{u(u,, t)]

7 =0 (3.26)

then u(u,, t) is an extremum of F.

Proof. For t>0, u(u,, t)e C* and { u(u,, t) =m. We can define x,,
by u(t, x,) =m and

a=inf{x<x,: 1 —u(1, x)*>¢e},
and
b=sup{x>x,:1—u(t, x)*>¢}

Now, as in the previous proof, our hypothesis (3.26) implies that for
xela,b]

1 1+ u(e, x)> ) 1 (l +m>
*u(t,x)+2/), Og(l—u(t,x) A, with || +2ﬁ og T —m

Thus, for any xe[a, b], tanh(f(A+J *u(t, x))) =u(t, x) and by (3.22)
u(t, x)e[1—2¢ 1 +2e]. Thus, [a,b]=[0, 1] and the result follows. |

4. THE METASTABLE REGION

We have seen in Section 3 that our dynamics is associated with a
Lyapunov functional F. In this section, we study some extrema of F given
in (29) in M,,. When u=m, then m+ F[m] = ¢(m)/f —m?/2 is smooth
and even. If #>1, F[m] has a double well shape with minima at +m™
where F'(m™*)=0 and inflexion points at +m* where F"(m*)=0. From a
physical point of view, if the convex hull of F is the free energy of a macro-
scopic system, then a homogeneous density u=m with me(—m™*, m™*) is
not an equilibrium state. Accordingly, we define the metastable region to
be the set of me(—m™*, m™*) such that u=m is a local minimum of F
in M,,. The concept of local minimum requires that we specify the topol-
ogy. Indeed, the result that we need would be trivial if we were to use the
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supremum norm topology. However, the Large Deviation estimates require
us to work with the weak topology.

The main result of this section is the characterization of the metastable
region. We actually provide two proofs of this result: a direct proof in
Theorem 4.1, which gives as a useful corollary that in a small L2
neighborhood of m, F[u]—F[m] is equivalent to |u—m|3;. The second
proof (Lemma 4.3) relies on an integration by parts of (3.1) and Lemma 3.2,

We can define e (0, m*) as

L gromy=sup j ' cos(2nkx) J(x) dx (4.1)
ﬁ k=170

It is then easy to see that for any m >/ and | /=0, (4.1) implies that

= [ 96— S0 f3) dr dy 487 om) [ fxPdxz0 42

Theorem 4.1. For > 1, any homogeneous densityme [ —m™*, —m)
v (m,m*] is a strict local minimizer of F in the weals topology among
elements of M,,.

Proof.

Step 1. We show that if m is a strict local minimizer in L? then it is
a strict local minimizer weakly. Assume that F(m) is not a strict local mini-
mum weakly. In other words, there exists a sequence { f,} with

1S, +m<], jf,,=o, lim f,=Oweakly, but F(m+ f,) < F(m)

n— oo
In conjunction with Ls.c. of F,® this implies that

lim F(m+ f,)=F(m) (4.3)

Now, u (J * u, u) is weakly continuous so (4.3) implies that

lim [ (m+ ) = dm) =0 (44)
We rewrite
1 1—
[[$0m+ 13— dtm) === [ 4+ 1og(u )+ [~ log(w™)
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with

Sa
1+m

f'l

1—m

Yyr=1+-L"— and ¢ =1

Also, one can check by Taylor expansion that for —1 < x< M,

X2

> (x ZX+ T 4,
x+x“=(x+1)log(x+1) x+2(]+M) (4.5)

Thus,

1
1—m?

1 1

j 3>f¢(M+fn)‘¢(m)>m?mszﬁ (4.6)

with M =(1+m)/(1 —m). Now, (4.4) and (4.6) imply that {f,} goes to 0
in L? and therefore m is not a strict local minimum in L2

Step 2. We assume now that f is small in L2, and we will rewrite F
separating the contributions of the small and large values of f.
Because m >, we can choose ¢ > 0 such that é <2(1 —m) and

o 1 1
(1=0)| #m =3 (Tt ) | 2000 @D

If we define 4 ={x:|f] >4}, then |4]| goes to 0 with | f], and
1
<5 [ 12 (48)

For any set B %, it is convenient to define

1 +m

Eni(f, B) =~

1—
[ wttogtyt)+ == | 9= log(y ™)
B B

Note that (4.5) implies that Ent(f, B) > 0.
Now, after a simple algebra (2.9) reads

| 1
F[m+f]—F[m]=—E(J*f,fHEEnt(f,%)

=1, + 1, + SEnt(f, €) + (1 — 8) Ent(f, A)
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with, if f= fLe— [ 4 f

1=4 [[ e = ) Fx) 9y + (1~ 8) Bne( £, 4°)

he ] [ dx=n s 4] [ - n -3 ([ s}

Step 3. We show that for some C>0 independent of n, I, >

—C(I f?) Ent(f, 6).
First for xe 4¢, | f(x)| 4. Thus, as d <2(1 — m)

S(x) Sf(x)? >< f(x)?
T+m 21(1+m)2)| =7 311 +m)3

wlog(w)—(

and a similar inequality for i —. Adding up these inequalities and recalling
(4.7),

S [ W5

Note that

[\

Thus,

2¢"(m)

B2 [[ 2= 7o For + 522 [ 72 amp P

Finally, by (4.2), (4.6) and (4.8),

2¢()

Lz—(14+m 412> — C<ff2>Ent(f,(€)

Step 4. We show that I, = o( Ent(f, ¢)).

We have already seen that

(j f) <rmp 4
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Also,

1 J(x—y)f(x)f(y))@ 1o 412

Finally,

s sl [ [ <t ([ ) +e([in)
<é|A|2+CeEnt(f, %)

This completes the proof of Theorem 4.1. ||

Corollary 4.2. If m is in the metastable region, there is ¢, >0 and
7> 1 such that

|
Iu—MI2<80=>}7lu—MI§>F[u]—F[m]>§Iu—m|§ (49)

Proof. By the upper bound of (4.5), it is trivial to see that for y large,
ylu—m|3> F[u]—F[m]. Also, the previous proof shows that F[u]—
Flm]=dEnt(u—m, %)+ o(Ent(u—m, %)), and the two estimates of (4.5)
imply that there is ¢,> 0 such that for y large enough (4.9) holds. |

Lemma 4.3. For f>1, and me[ —m™, —m)u (m, m*], there is
&, >0 such that if u,e M, and |u, —m|, <g, then, there is C > 0 such that

lu(t) —m|, < lu,—miye™

Proof. We multiply both sides of (3.1) by u—m and integrate by
parts

d
7 u(t) —m3+ lul(t))3
=B =) [ (T 5wyt [ (%) uyu? = m?)
Now, as | u, =0, we have that

[ s uedx= =4[ 100 = y) = 110000) — un(p)? dx dy



Metastability with One Conservation Law 1073

Set y =¢"(m)—¢"(m) > 0. By the Cauchy-Schwarz inequality
d 2 2 2
D —m3+ (L=m)y (03

=8 g [s00= =125 ) -

SB[ () Ut = m2) < B | x (= )] Lty lu—ml,  [C-S]

SB Vsl lu—m|g luly lu—ml|, [Young]
<BWelilu—m|3? |u,]3? [Agmon]

1 — 2
< 013+ C i

with C=(2y(1 —m?)/3)~3 (B |J.],)*. We obtain by Poincaré’s inequality
and (4.2),

(1—m?)

d
= 180 = miZ+ = () — mI3 < C () = m

dt

Now, |u(t)—m|, decays as soon as

|u, —m|3 < min <1,

(1-m?)y
4C >

and the conclusion of the lemma follows easily. ||

Remark 4.4. It is easy to see that Corollary 4.2 and Lemma 4.3
hold uniformly in (m~y, m+y) < (m, m*) and y small, with the following
trivial changes: there is ¢,, 7 and C>0 such that if |u,—[u,],<¢, and
fu,e[(m—y,m+y], then

Se—ct
2

u(u,,t) —J u(u,, t) dx

and,

2

2
>F[u,,]—FUu,,]>
2

~

3o~ =1

(4.10)

=2l —

2
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Remark 4.5. It is straightforward to see that if m is in the
metastable region and the support of J is sufficiently small, there exists a
nonconstant profile ue M, such that F[u] < F[m].

Remark 4.5 can be directly checked by taking u(x) =m™ for xe [0, x]
<€ and u(x)= —m™ otherwise, with X =(1 4+ (m/m™))/2. The fact that we
have to choose J supported on a small interval is natural if we look at the
problem on L%, with L> I, rather then on ¥, and choose J supported in
(—1/2,1/2) = L% (by a scaling transformation we can go back to #, where
J would be supported on a interval of size 2/L). The limit considered in
refs. 9 and 17 corresponds to taking L — co. In this rescaled setting
Remark 4.5 simply says that for any m fixed in the metastable interval, we
can choose L sufficiently large such that there will be a spatially nontrivial
profile u with {,, u(x) dx=mL with F[u] <F[m]. The larger the space
(ie., L), the larger the interval of values of m for which F[m] is not the
global minimum in M,, and this interval will approach the whole meta-
stable region as L — co.

5. LARGE DEVIATIONS

In the Freidlin-Wentzell® approach to estimating the exit time from
a domain, estimates on the probability of rare events in finite time play
a fundamental role. The upper bound on the expectation of the exit time
will be obtained from a lower bound for the probability of remaining in a
small tube about a trajectory which performs the escape at low cost, such
as the trajectory @ that we will encounter in the proof of Lemma 6.4. With
respect to the by now standard results on Large Deviations from the hydro-
dynamic limit (see e.g., ref. 14) we will need this lower bound to be uniform
over configurations in an arbitrary small neighborhood of [m—y, m +7].

On the other hand, the lower bound on the exit time follows from a
Large Deviation upper bound. One difficulty in obtaining the upper bound
is that our rate functional I, defined in 5.1 (5.2), is neither given by a
supremum over Ls.c. functionals nor convex. Thus, in our approach we
need to show (Lemma 5.10) that we have a good rate function in the
terminology of ref. 7.

5.1. The Large Deviation Principle

Note that in the weak topology on M, a basis of neighborhoods of
0is
B ={u:luxg@s|,<e}

where @, is an approximate identity on %, as introduced in Section 2.
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We define, see ref. 14, for ue D([0, T'], M,) and Ge C"*([0, T] x¥)
T
I(u, G)=j j(u,—g[ux—ﬂ(l —u?) J xul,) Gdx ds
0
(5.1)
T
Ar(u, G) =Ky, G)—%j f(l —2)(G)? dx ds
0

We stress once again that we give a meaning to (5.1), and to many other
formulas, by making formal integration by parts, moving in this way all the
derivatives to G. For the same u, we define also the rate functional

IT(u)= Sup AT(u, G) (5.2)
GeCLN¥x[0,T])

In the proofs we will also need the corresponding quantity used in ref. 14
for SSEP

Tr(w)= sup. ( LT j (u,~ %uxx> G dx dt—1 LT j (1—u)(G,)? dx dt)
(53)

A partial outcome of this section is summed up in the following Large
Deviation statement. Since we give it only for deterministic initial condi-
tions our Large Deviation functional with initial condition u,e M, will be

Ip(w)  if w(0,-)=u-)

5.4
+ 0 otherwise (54)

I r(u)= {
Given any measurable set 4 = D([0, T'], M), we denote by A the interior
of A and by A4 its interior.

Theorem 5.1. For any uoe M, and any 7>0, I is a good rate
functional,'” i.e., it is lower semicontinuous and it has compact level sets.
If un(0)e M, converges (weakly) to uy, then the sequence {uy}yez+,
uneD([0, T]; M,), has a full Large Deviation principle with rate func-
tional I, i.e., for any measurable set 4 = D([0, T], M «)

.o o1 .
— inf Ir(u) <lim inf = log(PY(un(-) € A))
1 - o=
<lim sup — log(P¥(un(-)€A))< —inf I (u) (5.5)
N-oo N ued

where 7y =pun(0, i/N).
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Theorem 5.1 is a consequence of Corollary 5.8, Remark 5.9, Lemma 5.10
(lower semicontinuity as well as compactness of level sets of I follows
from the same properties for 7;) and Theorem 5.11.

We recall the superexponential estimate of ref. 14, Theorem 2.1, that
we will use in the form:

Proposition 5.2. Set J=0. For any §>0

1 |
lim sup limsup sup — log <P"NN <X/J VN‘e(n(s))a’s?é)): —w (5.6)
0

e—0 N—= o r]NeXNN

where,

N

VN, e(”) = Z

i=1

l (ies =10 .
Ne+1 Ii—j%:sm 2 — (I =(un(n) x 9 (i/N))%)

We give here also a Lemma which clarifies the relationship between I,
and 7I,.

Lemma 5.3. T,(u)< oo is equivalent to /-(«) < co. Moreover if one
of the previous inequality holds, then I (1) =Tr(u) + R(u), with

Ry(u) = —g[JuJ*u]T+§ frfu.lxx*u+%2 ITI(I —u?)(J % u)?
0o &0 ¢ (5.7)

Proqf. Let us first assume that 7,(u) < oo. By Lemma 5.1 of ref. 14
there is He LX[0, T]; H') such that

Tntw=4 [ [(1-wxtt)? (58)

=

and u satisfies weakly
u,=[qu,— (1 -1’ H,], (5.9)

Equation (5.8) and the definition of I imply that for any Ge C"2

. T
w6 <2Lo(w) | [(1-u) G2
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But, by the definition of / and T we have
~ T
I, 6) =T, &)= B[ [(1-w)J,+w) G,
0
Observe that
- T T
I, G)? < 2w, G)2+<j j(l—u2)(/sJ,*u)2>j [a-w e
4] 0
there is C >0 such that
T
I, GP<C | [a-wa2
4]

which implies that I,.(u) < oo.
Assume now that I(u) < c0. The very same argument as in Lemma 5.1
of ref. 14 implies that there exists He L*[0, T]; H') such that

T
=4 [ [0—w)H)?

and u solves
u,= [%ux— (l _uz)(ﬂjx * u+Hx)]x
Therefore A =H + fJ » u and

Rp(u)=Ip(u) — Tr(u)
=3[ Az = [0—i) BpT oy

By using (5.9) we can express R, (u) in terms of u and the proof is
complete. [

5.2. Lower Bound and Uniform Estimates

The lower bound on the probability of rare events is achieved via a
change of measure procedure. As in ref. 14, we study small asymmetric per-
turbations of our original process: with respect to this new process,
unlikely events will become typical.
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Therefore we introduce a process with generator

al ; N? 1
Agpfin)=3 c¥n)Df(n),  with cf’=7exp <5 D’%)

i=1
where Df(n)= f(#'*")— f(n) (f is any function from X, to R) and,

2 X X k—1 il i
ff(ﬂ)=']\‘[ Z J<—N_> el + Z 2g <—1\_” t) n;
k

=1 I=1 i=1

and ge C>! satisfies
j g6, x)2dx<M?  and f gt x)dx=0 Vi<T  (5.10)
& "4

The set of all such g’s will be called .#. As a consequence of (5.10),
lg(t, Mo <M and |g,(t, -}, <M for any 1< T. Also, if

a)=N| #(y) dy

(i/N, (i+ 1)/N]

then,

Do) =) |y, (§) + e +o (Pe) s

and,

. 1 K(M
D <5 (ko 1821 ) < 0 (512)

where K(M) is a constant which depends only on M.

Remark 5.4. The bounds (5.11) and (5.12) show that (5.6) holds
for the process with J#0 and also for the process generated by A .. In this
latter case the supremum over 5, e X can be replaced by the supremum
over ny€ Xy and g e .#. This follows from a direct bound on the Radon-
Nikodym derivative of the law of new process between 0 and 7 with
respect to the law of the SSEP in the same interval of time.!'¥

In this subsection, we denote by u(u,, t) the weak solution at time ¢
of the (more general) evolution equation

ut=%[ux_ﬁ(l_’uz)(‘]x*u-l'gx)]x (513)
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with initial condition u,. Similarly to what was done in Lemma 3.2, if
¥(t, x) is the heat kernel in %, u(u,, t) can be represented as

t
Uiy, 1) = W1 xup + | Wt —5) s [ s (1 —2)(s) + g1 s (514)
[
Now, we convolve with ¢; both sides of Eq. (5.14) to obtain
Ps * u(uo’ t)

= 90 9y w8 Wl1=5) % @51 [ w1 =12)e) + g,] ds
(5.15)

We would like to replace (J, * #)(1 — u?) by (J, * u)(1 — (@ * u)?). We will
use the following Lemma.

Lemma 5.5. For any ue M, and bounded ¢,
t
w0 || s, )= ) b5, )y s
0 ¥

<5sup 19(s)la | lun(s)], ds

s<t 0
Proof. We write
u(s, y) —uls, y=x)= | unls, y—2) dz
0

and by the Cauchy-Schwarz inequality

| I, wxoutss y) —uts, ) 60, y) dy ds

<

[ s [ ax o) [ az [ [ 665, » s, y=2) dy]]

<(J, X0t dx ) [0l s (sup o)1)
'

0 s<t

<osup 195z [ usls)lads W (516)

s<t 0
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Lemma 5.6. For u(u,, t) solution of (5.14), with any u,, there is a
constant K(M ) >0 depending only on M such that

@s*u(u,, 1) —P(t)x @5+ u,

B[ =9 5 gur [Un 1 = (0,5 02)) + 2,] ds | <OK(M)
(5.17)

Proof. After integrating by parts (5.13), it is easy to see that there is
K(M)< oo such that

’ ~
f lug|2ds<1+R(M)1
0

Then, we apply Lemma 5.5. |

Let P%, , denotes the measure on the paths of the process generated
by A, starting at 7.

Theorem 5.7. For any J, ¢,>0, there is a neighborhood B of 0
and N, such that for any u,e D, N> N, and 5 with #y(n)€u,+ B, we have

PZ%",NU(u(uo’ T)—,uN(”T))*(péloo<£o)>l_so (518)
Proof. We consider
Fu sl t, x)=pun(n) « ¥(t) x ¢,

where ¥(¢) is the heat kernel on % introduced in Lemma 3.2. For a fixed ¢,
the rate of change of Fy s(#n(s), t — s, x) is

N
dFN, J(’?(S)ﬁ t—s, X) = Z Cfv(’?(*s)) DiFN,(S(”(S)> t—s, X) dS

i=1

—pun(n(s)) = Pt —s5) * @sds +dM (s, x) (5.19)
where, for each xe %, My(s, x) is a P%, y-martingale with

sSK(M) 195 o
N
(5.20)

Ely Myl 2= | Ely e ODFnn(s'), ) d

i
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We now expand ¢V in (5.19) and rearrange the terms
dM (s, x) =dFy s(n(s), t —s, x) + un(n(s)) * (¥t —5) * 95)(x)

N[N
-3 [ 2 [(:(s) Ay +A4;_ | —24) 7, Pt —35)* @;)

_ O 1(8))?
N

e oo

Thus, if we integrate up to time ¢

(Ai— A N V(1= 5) * @5)

MN(Z’ X) = FN,J(”(I)’ 05 X) _FN, 6(’7(0)3 L x)

+ [ Unln(5)) ¢ (Bt =)+ Bt =) % ,)(x) d

N

|
_J'o [2_]\—/ Z <(77i(s)_’7i+l(s))2Ai(rxwx(t_s) *@s)
i=1

x[,,N*JxG]'v)Mi(gl)m ds+,,0<|¢;|w[|J;$w+|g'|1]>

(5.21)

It is important to note that for x and x’ sufficiently close,

sup [Mu(1, x)— My(t, X' )| S K(M, 8)(1/N+ |x=x'|)  (522)

LR

Now, we first focus on the term

t] XN — i1 2 . /
[ % (Ll g e te =510 00 | s () + 48 )

i=1

(5.23)

We need to replace (7,(s) — 7, ,(s))? by a function of the empirical density.
To be able to use the superexponential estimate, we will need first to
average this quantity over region of macroscopic size J. However, when
performing the required integration by parts, the test function may be
smooth only on the scale J, thus producing a non vanishing error. We
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therefore break the time integral into =% and [!_, with 6 < ¢’ << 1, and
use the regularity of ¥, to estimate directly the second piece {’_,

We note also that we can replace the sum in (5.23) by and integral,
with an error of order ¢(J)/N, which is therefore negligible since we take
first N to infinity. Thus, define

A((n), 1, N, 9)

UO' W (t—95) * @5 [(Q(3 1(8) — P 1(s))) fln(s), -, 5)] ds

where
S, x, 1) = (un(n) % J)(X) + g.(x, 1)
Qtﬁﬂ)z(MExN]+1£—nﬂxNJD2
and

P(x;n)=1—(upn(n) * 95)* (x)

Now, we use twice the inequality |g * f|, <l|gl:|f]. and the fact that
lps]1 =1 to deal with the integration from 1 —0' to ¢

J\tt Y. (t—s)* s [0(;n(s)) f(n,-, )] ds

[ee)

<[ 1Pe=9)lslpa* 6L S0 5) ]l

& 1
<sup (19N 1/, $)|) [ —=ds<c /&
ns o \/.;
and a similar estimate holds also with P. Thus,

A 1N 0) <[ =905 0 L0000

—P(;1(s) f(n, -, )1 ds| +2¢ /5

fe o)
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We need now to substitute Q(x;7) with Av Q) x)=(1/26)x
§i1<s Q(x + y) dy. We first estimate the difference

[ 77 =9 5 00 L@ 1060 S0, 9)

—Av 4(Q(-;1(8)) f(n, -, 5)))] ds

t—o
[ o= AV L= )] % 0 (O3 1) S0, 5) d
(5.24)

Now, since sup, , | fx|o <¢, we can take f out of the average with little
expense. We use now the fact (easily proven from the explicit form of the
heat kernel) that for s > &',

|¥(5) — AV o(¥(s))] < ¢ 5/(8")*2

so that the term in (5.24) is bounded by ¢'6/(6')%? and vanishes as
8/(6")*? - 0 when ¢ — 0.
In summary, we have seen that

0
A((n),t, N,0)<c 5'+CIW2'+RN,6 (5.25)

where we have called

Rys=sup|fle sup |V, (t—5)*9;l,
s, n se[0,t—4']

[ IAvQUiN ~ PGl s (526)

Finally, using that ¥, + ¥, =0, we obtain

un(n(t)) * os(x)
= P(x) * un(n(0)) * @ 5(x)

+[ 129 9 x LU = (05 in())]

K(9) /il + Ig"lz]>
N

X (@5 * in(s)) T+ g)] ds+ O (

+0< 5'+(5,%)+RN,E+MN(I, x) (5.27)
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We only need to consider paths #, such that

sup [sup [Mu(t, x)| + Ry (x)] <& (5.28)

x t<T
Indeed (5.20), (5.22), Chebychev and Doob inequalities imply that

KM, o E% W[ M(T)?
sup P, {sup sup [My(t, x)| 2&/2) < (M, 0) sup, ~;¢’,N[ vT)7]
n

x t1<T &

On the other hand, the estimate (5.6), sce Remark 5.4, implies that

lim lim sup sup P%, y(sup Ry, (x)=>&/2)=0
-0 N-o oo n x

Now the proof is easily completed if we define w(z) =puply,) —u(u,, t)
and we apply Gronwall’s Lemma, as in the proof of Lemma 3.2. ||

In the last section we will need a lower bound on the probability of
being close to a specific smooth trajectory @(#), t€[0, T']. Let 6,>0 and
T=T(J,) as in the proof of Lemma 6.4.

Corollary 5.8. For any § and ¢> 0, there is a neighborhood of 0,
B, and N, such that for N> N, and n with u,(n)em + B,

1
7 108 PRI(P(T) —pun(n7)) * 9510 <) 2 —Ir(P) =& (5.29)

Proof. 'This follows repeating the standard change of measure argu-
ment, as in the proof of the lower bound in ref. 14, and by applying
Theorem 5.7. ]

Remark 5.9. To complete the proof of the lower bound in
Theorem 5.1 one needs to show that inf,. ; I-(#) does not change if the
infimum is taken only over smooth functions. This can be proven by
following for example the line of the proof of Corollary 6.5 below. Since
this part of Theorem 5.1 is not used in the sequel, we omit the details.

5.3. Upper Bound

In this section we fix T> 0.
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Lemma 5.10. Let D([0, T], M,) be equipped with the Skorokhod
topology, M >0, and C closed in D([0, T'], M,,).

(i) {ueD([0,T], M,): I(u) <M} is compact
(ii)) Ip:D([0, T], M,)— [0, co] is lower semicontinuous

(iii) liminf inf I(g, * u) > inf I(u)
e—=0 ueC ueC

Proof.

Step 1. We first show that {ue M, : I(u) <M} is compact (this was
neither shown nor needed in ref. 14).
Let {u"(t,x)} be such that T (u")< M. There is {H"(t,x)} (see
ref. 14) and {u%(x)e[ —1, 1]} such that
0" =30,[0,u"— (1 —(u")?) 0, A"] (5.30)

and,
i~ T ~
L=} [ @2 0-wy)<sm

and u*(0, x) = u7(x). After multiplying (5.30) by »" and integrating by parts
over 4,

[ fuaref wrsf] Ja-wrcn

By the Cauchy-Schwarz inequality and the fact that % is bounded and
ue[—1,1],

[ femr<ied [ fa-wnmp<ion s

First note that {f (#")><T implies that there is u(z, x)e M, and a sub-
sequence of #” (that we still call #” here), such that

YG(1, x) e LA[0, T] x %, dt dx) lim LT j Gu" = LT jGu (5.32)

n— oo

For a smooth G(x), let

V()= L G(x) u™(t, x) dx
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Then,

[Valt) = Vils) =

J r G(x) 0,u"‘ =

€ vs

T 1/2
<= |Gx|2[j0 [amr+a —(u")zxﬁz)z] (5:33)

J, [ ez e - B

Thus, {¥,(f)} is an equicontinuous and equibounded family. By Ascoli-
Arzela, for each G, there is V{1, G) continuous and a subsequence which
depends on G such that

lim sup |V, () - V(t, G)| =0 (5.34)
k—ow 1T
Because of (5.32), this means that for H(¢)e L¥[0, T], dt)
T
j H(s) V(s, G) ds = j j u(x, s) G(x) H(s) dx ds
0

which means that we can choose  so that { u(s) G is continuous, and

j (w™(1, x) — u(t, x)) G(x) dx| =0 (5.35)

€

lim sup

now T

A fortiori 4" converges to u in the Skorokhod topology. Now, since T, is
Ls.c.

Tr(w) <liminf T (u") < M

Step 2. Let {#”} be such that I:(4") < M. We show that there is a sub-
sequence converging to e M, and

lim inf I(u") = I (1)

n— o

First, there is A7 such that T, (u") < M for any n. By Step 1, we know that
there is a subsequence converging to u and T,.(u) <M. We have seen in
Lemma 5.3 that 7,(u) =I,(u«) + Rp(u). We first show that

i [ =[]

It is then easy to see that lim R, (u") = Rr(u), and we leave it to the reader.
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Let I;={(i—1)/N, i/N) and x; an arbitrary point in /; for i=1,..., N.
For any ¢t < T,

L uk(2, x)(uk(t, x) —u(t, x)) dx
- é [uk(t, x) L (uk(1, x) — u(t, X)) dx]
+ Z “(u (£ %) —u(t, %))W (2, %) — (2, x))dx]
To estimate the second sum, we write for any x eI,

(0 3) — 0, 201 = [ T, o) 40 | < [ [ 7
€ <€

and in the last step we used the Cauchy-Schwarz inequality. Now, for
xel,, |x;—x| €1/N so that the second sum has the estimate

l% f (u*(t, x) — (2, x,)) (2, x)—u(t, x)) dx
N 1/2
< E. [% L (u’;)z] L,, |k (2, x) —u(, x)| dx

<[—1-I (uk)z] lﬂj Juk(t, x) —u(t, x)| dx (5.37)
SIN T < ’ ’ '

After integrating over time (5.37), and using the Cauchy-Schwarz
inequality

“T J wk(t, x)(uk(t, x) —u(t, x)) dx dt’

+2\/%“07 f(ui)z] 172

Now, just as in (5.31), {f (#%)?<1+ M. Thus, for any &, there is N inde-

pendent of k such that
T T k\2 2
4ﬁ“0 [t ] <e

f (u (e, x) —u(t, x)) dx

< NT max sup
i<N T
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Once N is fixed, by Step 1, there is k, such that for k£ >k,

NT max sup

iSN 1T

j (uk(t)—u(t))‘ <e

%
and (5.36) follows, It is easy to conclude that

lim inf I-(u") = I (u)

n— oo

Note that this proves that /. is L.s.c. on the compact sets {u: I(u) < M}
for M >0. Now, to complete the proof of the lsc. of I, assume that
I{(u)=oco and that {¥"} converges to u. From what we saw, no sub-
sequence can belong to {u: I(u) <M} for some finite M. Thus, any limit
point of {/,(u")} must be infinite.

(iii) Assume the left hand side of the expression in the point (iii) of
Lemma 5.10 is finite. There is M >0 and for any ¢ > 0 there is u, € C such
that I(¢, * u,) < M. Thus {¢, * 4}, o belongs to a compact set and there
is ¢, going to 0, u, e C and u with Ir(4) <M such that ¢, *u, converges
to u. Now, for any open neighborhood of 0, say B,

dn,:Vunzn,, @, *u,€B,+C

Thus,

ueﬂ(C-{-Ew):C

B

W

By ls.c. of I,

lim infI-(@, * u,) = I+(u) = inf I-(u) ||

e—0 ueC

We show an upper bound estimate for closed set by comparison with
SSEP, where this has been shown in ref, 14.

Theorem 5.11. For C closed subset of D([0, T], M,),

lim sup sup %log(P;{,(uN(')eC))s - infCIT(u) (5.38)

N-oow neXy
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Proof. Recall (Lemma 5.3) that I (u)<oo implies that T, (u)=
I (u) + Ry(u) and we can write

Retw)=[ [(1=i) Bgx) = [ [ (1 =)0y

Thus, there is a constant M such that
RA(u)<iTr(u)+ MT (5.39)
For ease of reading we recall here three facts

(i) Tr(p.*u)<I (u) by convexity

(ii) lim sup sup%log(f",’,(,u”( )eC))

N— n

< —inf 7(u) by Theorem 4.1 of ref. 14
ueC

(iii) liminf inf I (@, * u) = inf I.(u) by Lemma 5.10
e—>0 ueC ueC

By Varadhan’s Theorem,” (ii) implies that for any continuous and bounded
functional F on M,

lim sup supllog(E;’Ve”F"‘N)) < sup [Flu)—Tr(u)] (5.40)

N—> oo ” N ueM,

Note that F,: ur— Ip(¢, *u) A M is continuous and bounded. We claim
that

1
lim sup lim sup sup v log E% exp(NF,)

e—0 N-o w n

1
< lim sup lim sup lim sup sup ————— log E7,e!! +& MEGw) + Rr(@ 2 3]
-0 e—0 N—> o n (1+5)N (541)

Assume that for a moment. Then F,(u)+ Fgz(@, *u) is continuous and
bounded and (5.40) implies that
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. 1,
lim sup sup — log E7 e+ NE+ Ry(oe+ )

N- n
<, sup [(1+8)(Fy(u) + Rr(@, % u)) = Tr(u)]
r(u) <o

< sup [OM+IR (¢, *u)]

Tp(u) <2M
20 - o
+ sup [25M(1 +T) +? I(p,*u))—Sl(¢p, * u)]

Tr(u)=2M

<3M(1+T)

Thus, by Chebychev inequality,

. 1 . .

lim sup sup — log P C)< —limsupinf 7 (¢, *u) A M
N— co 7 N e—0 <

However, (iii) implies that

—limsupinf/ (@, xu) AML —infl, A M
C

e—>0 C

The result would then follow as M goes to infinity. We prove now the
claim (5.41).
Recall that
1, k—1
b =50 L7 (5 e

== 1000 (e ) (5 ) = w2 ) (5 )+ G/N) = 0D

Thus

dP?, ‘ oo NE O
Z=10g<ZJP—nN|NJ’?:)>=; L [a//,.d.l(s)+7(e*":_l)ds]

2
=== )L —Viun « J+(J(1/N) = J(0))/N]

2

N 1 2
=i | =V 740 (35|
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d 1
= V| [ G D) =5 OV i D) ) 5|
N Y 1
-3 L[| 02| Vs +0(55)]|
t 1
=N | [ G D)= U s )
0
=3 [ Sty s 21 ds 405
2 o Pe*Un) \UN x N
+[ V. G x L% ) ds

= NLR7(p. % ix) + 0(6) + OUN) I+ | VN, &, (o T, ,) ds

By Hoélder’s inequality

1

log E7.e™e < "

5 log EY exp((1+0) NLFo(un) + Rr(@. * ta)])

+—— log E,et + D8 fo VMo tuy = T n) ds 4 O(g) + O(1/N)

146

Since we take the limit in X first and then in ¢, the last three terms vanish
because of the superexponential estimate. J

6. THE QUASI-POTENTIAL

6.1. Introduction

Let m and y >0 be such that [m —y, m+y] = (1, m*). Our first goal
is to build a closed neighborhood of m, say D,, invariant under the evolu-
tion (3.1). Though we will not prove that a random pertubation of the
macroscopic equation exits D, at the points of dD, minimizing the energy,
this idea will guide us: let £* be such a minimum; we need to show also
that for y small, there are points in D] arbitrarily close to {* with an
energy arbitrarily close to F(&*). Closeness is measured in the weak topol-
ogy, and the matter is not trivial since F is only ls.c. We have not been
able to see that this was always true, rather we build in Corollary 6.3 one

such D, based on soft arguments and the properties of (3.1).
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The second contribution of this section is to give in Lemma 6.4 an
explicit formula for the minimum of the rate functional over paths with
initial condition m and final state, say {€ D,.

We consider the compact subspace of M,, S,=M,n{u:fue
[m—y,m+y]}. We endow S, with the inherited weak topology. Our idea
is to work first in L*(S,, dx) and look for arbitrary small (in L?) invariant
neighborhood of [m —y, m+ y]. For ease of reading we recall some useful
facts. For &, small enough,

— <
u f u LS so}

is an L? closed neighborhood of [m —y, m+ ] such that

U={ueSY:

(+) 3C>0,Vu,e T, |u(u,, t)——J'u,,

u—Ju
dF[u(u,, 1)]
dt

e [Remark 4.4]
2

P

<0 [Corollary 3.7]

2
(%) 3>1,Vuel,5

:?F[u]—F“u] 2%

2

(x%x%) Yu,eU,Vt>0,

Let 9,0 be the L? boundary of T in S,. We can choose J,> 0 such that

5o<veigfa<p[v]—p[fu]>

For § <4,, we define

(]

U5={ue (7:F[u]—F“u] <5}, and U=U,

The reason to choose d, so small is that for ued, U, F[u] —F[j ul]=4,
(as one trivially checks), and thus once a trajectory hits 3, U, it stays in U
by (*=*x*). Finally, for 7> 0, define

Iy,={u,eS,:<T, u(u,, t)e U} (6.1)
and, if 9,,I'r,, denotes the weak boundary of I'r,, " M, in M,,, we define

ar= inf Flu]

m: T,y
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It is clear that a is independent of y. We first gather some simple proper-
ties of I'y,, and .

Lemma 6.1. For T>0, (i) I',, is closed and invariant; (ii) for
6 >0, there is a weak neighborhood of 0, B, such that I'y, ,.+ BN Ol'r, 5,
= & and the weak interior of I'y,, is not empty; (iii) ar is increasing.

Proof. Time invariance follows by definition: if w(u,, ) € U for some
t<T, then Vs >0, u(u,, t+s)e U, ie., w(u,,s)e 'y, for s> 0.

Now, we show that I'7. is open. Let u,e I’ ;15 and {u’}} converge
to u,. By definition u(u,, T)e U° and there is an L*neighborhood of 0,
say B,, such that

(w(u,, T+ B) N U=0
Thus by Lemma 3.2, there is a weak open, B, with
vvo € (uo + BW)’ u(vo’ T) € (u(um T) + BZ)

Therefore, for n large enough u(u),, T)ew(u,, T)+ B,. Now, by definition
of U,

wu?, T)¢ U=Vt < T, u(u?, t)¢ U

Thus, u} ¢ I'r,, for n large enough, and I'%,, is open.

(ii)) 0I'r,s, and I'y, being compact, we only need to show that
oy, s,NnI'r,=J. We claim that u,e0l'y, s , implies that

u(u,, T+8)eU  but wu(u,, T+6')¢U for §<é

The first part is implied by (i). For the second, assume that w(u,, T+ J')
e U for &' <4. Then by (**x), for any >0 u(u,, T+J' +¢)eint, U so
that by Lemma 3.2, there is a neighborhood around u, where all points
share the former property. This implies that u,eint, I'r, 5 ,. Now, note
that for any open B,, I'y,,+ B,, is open and what we have just seen there
is B, such that I',,+ B, = I'y, ;s ,. this implies that the interior of I'y,, is
not empty.

(iii)) Let T'> T. Recall that Fis ls.c. and 0,,I'7 , is compact. Thus,

up€d, Iy, Flup]=a(T") (6.2)
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Now, uz €0,,I'y , means that there are u"e I'7. N M, converging to ur..
Becauﬁe {"T,y "M, Iy ,nM,, up.€l'r,, implies that u;.€09,,I'r,,, but
then (i1) is true

oT)= inf F<F[up]=oT")

mrT, y
Thus, we can assume u- ¢ 'z .. By continuity of the time evolution in L?,
dt,e(T,T'): Ve>0, w(up,t,—e)¢ U and wu(uyp,t,)elU

In other words u(u, t,— T)€0,'y,,. Now, F decays along the evolution
so that

(T)= inf FSFlu(ur,t,)]<Flup]l=aT) |

amr‘l'.r

Lemma 6.2. For ¢> 0, there is y,> 0 such that for any y <y,

inf <F[u] —FUuD> inf (F[u]—F[m])—e
oIy, T, y

Proof. By contradiction, suppose that there is >0, y,—0 and
u,€0I'r,, such that

F[u,,]—F“u,,Js inf (F[u]—F[m])—h (6.3)
amrT, y
There is a subsequence, say again {u,}, and u* € M,, so that {u,} converges
to u* weakly. Now, for any é > 0, u(u,,, T+ J) eint U and u(u,,, T—35) e U°-.
Lemma 3.2 implies that u(u*, T+d)eint U and u(u*, T—J6)e US. Thus
u*ed,,I'r,. The lsc. of F, together with the continuity of m— F[m]
imply that

lim inf Flu,] —F“un] > F[u*]— F[m]
and this contradicts (6.3). |

Corollary 6.3. Let T>0 be a continuity point of «. There is
(*€d,I'y,, such that for any &> 0, there is y, such that for y>y,, and
any B,,, weak neighborhood of 0, there is {,e({* + B, )nT'%, and

max(FIL,) = Fm), FLE*] = FLm]) < jof (F[u] —F[ f uD—e (64)
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Proof. « is increasing, so the set continuity points is dense. Let 7> 0
be one of them. There is d > 0 such that a(T+ J) <oa(T) +&/2. Now, with
the notation of (6.2) u,, ;¢ I'r.,, otherwise, u(uy, 5, T) €0, U. This in turn
would mean that F[u(u,, s, T))—F[m]=4, and because F decreases
strictly in any positive time, u(u,., 5, T+ &) would belong to the L? interior
of U, contradicting uy,;€0r, 5. Finally, let &, =u(ur, s, 0)€0,I1,.
Because 0,11, , is compact, let £* be a limit point of £, along a subsequence
and {,=u, ;. It is easy to conclude now by recalling Lemma 6.2. |

We can now define D, as I'y,, for a continuity point of . Also, for £*
as in Corollary 6.3, we can define

H(T)={ueD([0, T], M,): u(0, x) =m, u(T, x) =&*(x)}
Lemma 6.4.

F[E*]—F[m] = inf inf I(u) (6.5)

T>0 H(T)

Proof.

Step 1. We show that I(u) > F[&*] - F[m].

We may assume that I (u) <oo. Recall that this implies that u is
weakly continuous in time. We need to regularize ». Recall that for SSEP,
the hydrodynamic limit of the density evolves according to the heat equa-
tion. Let P, be the heat semi-group. For J > 0, consider the extension of u
on[—1,T+1]

i(x,s)=m for se[—1,0]
and
d(x,s+T)=P,(E*)x) for se[0,1]

Let 7%u(x, t)=u(x —,, 1 —J,). Because # evolves according to the heat
equation in [ —1,0] U [T, T+ 1] we can define H as

u,=[3u,— H,(1-49)], (6.6)
Now, for [J,]| <e¢, and 0 <¢,<1/2

T-4, (T—3)AT

[y a-a=] [0 - <Trw)

(=d,—8,) v O

7—80, r(7%8) = J

—0dy—¢,
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Now, be convexity of T,
Tor(] P00 060 d0, a5, )
[—1,17?

< j[ T (D 000 9402 dby 0y <Trw) (67)

If we denote by v, the time and space convolution appearing in the left-
hand side of (6.7) and recall that u is weakly continuous in time, then as
¢ goes to 0, v, goes to @ in the Skorokhod topology and thus by ls.c.
I_, r(v,)—>T_, r(#)=Tr(i). This implies that Tr(v,) > T,(u) and

lin}’ Ir(v,) =I7{(u) (6.8)
Now for a smooth u(t, x) with I-(u) < co, there is H=H—J_%u and
T
Lw=3 [ [ (H10-w)
0 L4
When u is smooth, the following calculation make sense
L7 , oF_ _\
- g - 2
31 (|- (-G ) [a-
r 1 6F SF ,
=7 (g gt ) et )| -

[ G5t ) 1= Srta={ fug
= FLu(T, )]~ F[u(0, )]

And thus,
=4 [ [ L2101 = 2) e ds > FL(T, 1~ FTu(0, )]

In our case, the smooth function is v,. After integrating between —¢, and T

FLodT, )]~ Flo{—2,, )] <T_,, £(0,)
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When ¢ is small enough, v,(—e¢,,-)=m. By ls.c. of F,

Yue H(T), Ip(u)=limsupl_, r(v,)

g—0
2 F[u(T, )] —F[m]=F[{*]-F[m] (6.9)
Step 2. We show that F[¢{*] — F[m] >infr, infy) I7(u). In fact,

consider the time reversed evolution with (0, x) = ¢*(x) and

u,=[%g[u]x(1—u2)]x (6.10)

Then, by Lemma 3.3 and 4.3, for any é > 0, there is 7> 0 and C(1, T) such
that
|(T)—m|,<d, and  |u (T),<C(1,T)

Let i=u(T), and for te [0, §] define
()= 5m+(1-5 )t
ot x)=~m 5 ) #x

We need to estimate the rate function of such a density between [0, §].
Assume there is H of mean 0 such that

-]

If we multiply both sides by H, use that v,= (m — i)/ and integrate

%j(m—ﬁ)de: —% j(1—u2) [%[v]—ZH] H,

Hence, at any time te[0,d]

!

L(l—UZ)Hidx= J(l—vz)Z—f[v]x-H,dx+§f(m—z’i)(H)dx

2
2
<% j(l —?) Hidx+§ j(l —v?) (i—i[v]x) dx
4 1 2
+§?[S‘ip(1—v2(x, ,))} J (m—ay:ax
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where we used Poincaré’s inequality. Now, recall that

i—f[v]x=t]x*v~ﬁ ) B—f[v]xzsC, for te[0,d]
and,
1
[Stpml—))}SC for te[0,9]
Thus

1 s
EJ f(l—zﬂ) Hﬁdxds<%|m—a|§+c5<(zc+ C')o
0

Now consider u which solves Eq. (6.10) between time 0 and T(J) and
which is defined as u(x, T(8) +s)=0v(x,s) for s€[0,5]. Let now &(1) =
w(T(6)+o6—t)for te[0, T(6)+J]. For any >0

lo, 7y +6- @) =1, 1s)(u) + 15(v)
Recall that u is smooth in [, T(5)], so by using the definition of I,

1, r)(u) = F[u(e)] — Flu T(6))]

On the other hand,

and by Fatou’s Lemma

€ oF 2 e SF 2
JO L}[g[u]x} (1—u?) dx ds < lim inf L L [E[UJX:I (1 —u?) dx ds

=lim inf F{u(¢*, 0)] - FLu(¢* ¢)]

Now, because ¢* is in L%, lim,_  [u(¢*, &) — £*|,, and by continuity of F
in L2, we have that F[u(&*,6)] —» F[£*] and

lim, o/, (1)=0



Metastability with One Conservation Law 1099
Finally,
Io, 74 o(P) < Co+ F[E*] = F[u(T(6))1 < 6+ F[£*] — F[m]

The result follows as § » 0. |

We need to establish now a lower bound for inf 7-(u) over paths such
that w(0)e S, wW(0)e ([m—y,m+y]+ B, )and u(T)edD,+ B, . If H(T, y, J)

is defined as
(40,1~ [u) ) g,

<8, 1T, ) —¢) *%lwsa}

U {ueD([O, T1,S,):

e abr

s o)

then, we show that for any ¢ > 0 there is y, such that for y >y,

inf Ir(u)>(F[{*]—F[m])—e¢ (6.11)

H(T, y,9)

holds for large time T and J small. Note that in any weak neighborhood
of m, there will be a density ¢ with F[£]— F[m] large and thus
F[&*] — F[£] much smaller than F[&*] — F[m]. (for instance, when ¢ is
very oscillatory going from —1 to 1 with mean m.). However, such density
will have a large value of I(&), and they don’t preclude (6.11) to hold.

Corollary 6.5. For any ¢>0 and T>0, there is >0 such that
(6.11) holds.

Proof. We first show, that there is a constant C independent of é and
T such that for any ue H(T, 7, §),

I () = Ip(@s*xu)— C /6T (6.12)
We will not need to look at the entire H(T, y, ¢). Indeed, if
K={ueD([0,T], M,): I(u)<F[{*]—F[m]}

then in (6.11) we can replace H(T, y, 5) by K H(T, y, ). Recall that K is
compact and there is M < oo such that for any ue€ K,

ij(ux)2<1+M

\]
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Also, recall that we can decompose I(u) = I(u) + Ry(u), where T (u) is
convex. To show (6.12), we only need to see that

|R7(u) — Rp(@s * u)| < C/0T

which by a simple exercise only require

[ [t x) = gy v uts, mi < € /BT
Write,
sy
(2, x) =@+ u(t, 0 = [ @) [ " lu(t, x—2) dz &y
1/2
<[ otn /BT [ s |
1/2
<\/5“ (1, z) dz]

After integrating over [0, T], and applying the Cauchy-Schwarz inequality

[ fate 0=t 01< 0T [ [ sy ae]
It is easy to conclude that for any ue KX,
Ir(w) > Ir(ps * u)— C /6T
Now, ¢ and T are fixed. There is J such that
Ve, SeM, 8¢ <d=|F[{]-F[¢']<e (6.13)
by uniform continuity of F in the supremum norm, and
Flos;xE*) 2 F(¢*)—¢ (6.14)

by continuity of F in L Now let ue H(T, y, §) n K, such that I(u) —e <
Ir(v) for ve H(T, y, ). We have
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Ip(w) 2 Ip(@s % u)— C /ST
> Flgs*u(T)] — Flp;+u(0)] — C /6T  [by(69)]

> F[ @y % £%] —FU u(O)] —2e—C. /5T  [by(6.13)]

>F[E*]—Flm] —3¢—C /6T (6.15)

We can define, for any 6 <4, T(u,, 8) =inf{z: u(u,, t) € Us;}. As long
as u,€D,, we have T(u,,d) < 0. We show now that this time 7'(u,, J) is
uniformly bounded.

Lemma 6.6. For J <J,, there is T, such that for any u,e D, and
t=T,, u(u,, t)e Us.

Proof. Let a=sup{T(u,,9d):u,eD,} and {u,}eD, such that
lim T(u,, 6)=a. There is u,€D,, such that {u,} converges to u, weakly
(possibly along a subsequence). Now, for any ¢> T(u,, J), u(u,, t) belongs
to the L2 interior of U;. By Lemma 3.2, for n large u(u,, ) belong to U,
as well, so that T(u,,d)<tand a< . ||

Lemma 6.7. There are a>0 and T, >0, such that if u(, -)e D,/U;
for all 1e{0, T,], then I (u)>a.

Proof. Let T>0. Assume that u(¢,-)e D,/U; for all te[0, T] and
that () < co. We can define A by

u=[3[u,— B —u*) Jo»u) —H, (1 -u?)],
and v satisfies (3.1) and u(0, x) = v(0, x) =u,(x)€ D,/Us. If w=v—u, then
w,=3[we—Joxw(l —0?) = (J,xw) wu+0)],+ [H(1-4)], (6.16)

and w(0, x) =0. We multiple (6.16) by w and integrate by parts to obtain
d
PG RAVAE:

= [ wywll —o2)+ [ U w) wwn(ut0) = [ H(1 =) w,
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By applying the Cauchy—Schwarz inequality on terms of the right hand
side,

d
S IWESC i+ [ (H)? (1-u) dx
Hence,

(T3 <eT |
0

[ (B2 (1= ) = Ly (u) (6.17)

Now, by Lemma 6.6, there is T, such that o(T,) € Uy, so
WTH3=0/(2y*) and  Ip(w)2e T6/(2y"),  [by(6.17)]

and we can set a=exp(—CT,) 6/2y>. |

7. EXIT TIME

Let m and y >0 be such that [m—y, m+y] < (i, m*). If T is a con-
tinuity point of «, then for any ¢>0 let T, be another continuity point of
o with T,e(T—¢, T). T, is needed because the Large Deviation estimates
give informations only about small tubes around given paths. In estab-
lishing a lower bound for the exit time, we need to be sure that a path does
not exit immediately, i.e., it must be at some distance (weakly) of the
boundary of our domain. We recall that in Lemma 6.1 (ii) we showed that
there is a neighborhood B, such that I' 1.yt Bw<c I, Now, we can
define the stopping time for u e D([0, ), S,)

t(u)=inf{¢:u(t)¢ 'y}

The main result of this section, is

Theorem 7.1. For ¢>0, there is y, such that if y<y,, T,<T—¢
and N large enough, then for nye {uny(ny)elr, ,}

llogE’j’\’,"[ry]— inf (F[&]—F[m])|<e (7.1)
N EI

Proof. The proof follows closely the arguments of Theorem 4.1 in
Chapter 4 of ref. 8.

Step 1. We show the upper bound part of (7.1).
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For any T>0, N, y and 5y,

P¥(t,>nT) (7.2)
=0

n=

Eu(t,] = Tfo Pz, >T)dt<T

By definition, if 7,(#) >, then u(s)e I'r,, for s <t Thus, by conditioning
w.r.t. #,_;,r and using the Markov property

Pi¥(t,>nT)=PR(Vte[0,nT] : unlnxlt)eIz,)
=EVLERx(z,>(n—1)T)
x((Vee[(n—1) T,nT): pnlnn)1) € Tp ) | Fowy 7]
= EW[x(z,>(n—1) T) EX*=Y D[ y(z,> T)]]

< (sup PR(z,>T))"=(1 —irnf P¥(r,<T))" (7.3)
Ty

rT,r

where supr, , means the supremum over {n:uy(ny)el’ .41 Now, (7.2)
and (7.3) imply that

T
infr, P¥(z,<T)

ERIn]<

For &¢> 0, we choose y, so that (6.4) holds and Bj; such that (6.11) holds.
By Theorem 5.7, there is T, such that any configuration # with

unny)erlr,,

iranE’»?’(ﬂn(mv)(Tl) €B;)=1/2 (74)
Ty

Let {, be the density which appears in Corollary 6.3: we recall that {, ¢ I',
but that F[{,] is very close to the infimum of F on the boundary of I'y,.
Also, let @ the path build in the proof of Lemma 6.4 with &(0)=m and
&D(T,)={,: D is a path whose rate functional is very close to the minimum
over all path joining m to the boundary. The Large Deviation lower bound
Corollary 5.8 establishes that for N large enough

o1 |
inf —log P3}(t, < T,) > inf —log PR(|(um{nx)T2) — P(T,)) * @5l <9)
B N B, N

2z — inf (F[{]—-F[m])—e

m- Ty
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Now, let T=T, + T,. By the Markov property

P, <T)=PY(3te0, T]: unnx)t)e ')
2 ERLx(un(na)(Ty) € Bs)
x EQ[x(3te(Ty, T1: px(na)(t) e I'T,) | F7,1]
2 P (un{nn)(n(Ty) € Bs) igaf PR(z,<T))

> L exp(N[ —airrlf (FL[{1—F[m])—e])

m* T,y

This completes the first inequality.

Step 2. For the lower bound, we can restrict #, to be such that
E7¥[7,] <. Let >0 and define
<6}

- fu)es,
([

By Lemma 6.1 (ii), the interior of I'y, , is not empty. Thus, for 6 >0 small
enough C and B are in I'y,.

We will now use repeatedly the Strong Markov Property (SMP): since
we are dealing with a Poisson jump process in finite volume, it is straight-
forward to see that such a process has the SMP.

Now, we define stopping times {S;} and {T,} on D([0, w0), S,) by
induction. First T,=0 and for £ >0

B={ueS,:

and

C={ueSy:

€(26, 35)}

[e0]

Si(u)=inf{t>Ty: u(t)e C}

Tiepr(u)=inf{t> S, u(t)eBu Ty }

and V(u) = lnf{k >O N u(Tk) EFT’ yc}.
It follows from Theorem 5.7 that for N large enough

inf P2(z,>S,)>1 (7.5)

Te ¥
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Therefore, by using the SMP and choosing 7y such that () € I'r e}
ER[7,]12ER[,x(c, > $1)1=ERLx(z,>S)) ER1, | F51]
2 PR(r,>S))inf ER[z,] =5 inf E}[,]
B B
Now, a path {ux(ny)(2), 1> 0} being only right continuous, it could
when started in B jump over C making v= co. However, we will see that
during [0, 7,], for typical values of 7,, most of the paths will be “almost

continuous” and on those paths v < co when 7, < 0. We think of ' >0 as
a fixed number and for any a < f define

Ao py={n: sup [(n(n)(0) — n(nn)(8)) * @510 < 8}

lt—sl<d, t,se[a B)

We establish below in Lemma 7.2 that

sup PIY(A$, . ) <exp(—2NQ) (7.6)
c ¥
with
Q= inf (F[é]—-F[m])
m: T,y
Now,
o0 n—1
7,2 ) X[V?”7 N A[s,‘_,,sk]f\A[s,,_,,q]] (T,—T,_y)
ne=1 k=1

Indeed, if 7,< co and the paths are in A, T they must always cross C
when going from B to I'%., and therefore v<co and 7,=T,.

Taking now expectation of nonnegative quantities, we can exchange
sum and integrals

oo n—1
ERz,z2 Y, E'ﬁ[x[v;n, N A[Sk_l,sk],S,,_1<ry]

n=1 k=1

< EYUAes, , oa(Ta=5,1)1%5, )]

n—1

>y E"N”[x[v>n, N A[sk_,,sk]] B0 dgg Tl]] (7.7)
n=1 k=1
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where we have used the SMP. Now, any path in A, .7 heeds at least a
time ¢’ to go from C to B

lIC'l‘fE;I\;V[A[o, 7] Tl] =2 o' ]I(l:fP’l";'l(A[o_ Ty])
Thus, noting that by definition uy(n5)(S,_;) € C, (7.7) can be written
w© n—1
ER[z,1>8 il PR(Ap..) 3 PR <v>n N A[Skq,sk]) (7.8)
n=1 1

k=

Now, for each term of the sum in (7.8)

n—1 n—1
P <v>n, N A[sk_l,sk]>=P7\;v< () {un(nn)(Ty) € B} “A[sk_,,sk]>

k=1 k=1

2 [iléfP'II\)rv(ﬂN(ﬂN)(Tl) €B, A[so,s‘])]”_l

by using the SMP again.
Finally,

dinfe P (Ago, . 1)
1 —inf¢ P%’(#N(’?N)( T,)e B, Ap,, ry])
Now, to reduce those estimates to finite time Large Deviations estimate, we

introduce the time 7, that we will choose appropriately latter and rewrite
the denominator of (7.9) as

1— ing%v(:uN(ﬂN)(Tl) €B, Ap, r,])

EW[t,]> (1.9)

<sup (PR (un(nnT1) € B, Apo, 1) + P (Af,, ,y]))
c

<sup PN(T, =1,<T, A[o,r,]) +sup P(T,=1,2T, A[o,r,])
C C
+sup Pi(Af, . )
c

Also, we note that
PI(Ty=1,>T, Apo,.3)
SPR(unny)t)¢B,1€[0,T])
P;’\;V(Tl = Ty< T, A[O,‘L‘),])
< P¥(un(ny)t) eIy, + B) A (int 'y )5, Vee [0, T])
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To complete the argument it would suffice that there exists 7>0, ¢’ and
N, such that VN> N,

sup P un(nn)(t) ¢ B), 1€ [0, T])

<exp(~2NQ)
sup PR (un(na)(t) € (T, + B)n (int I'r, )%, Ve [0, T])
C

<exp(~N[Q+¢])

This is established by using Theorem 5.11, Corollary 6.5 and Lemma 7.3
below. |

Lemma 7.2. For any §>0 and a >0, there is §' >0, and N, such
that

|
YN >N, sup PR¥(A¢{,, ,y])) <§ e—N

va

Proof. First define

B(o,d, t)={ sup |(un(nn)(8) —pun(nn)(s)) * 950 > S}

t<s<t+d

Now, we recall that from Step 1 of the proof Theorem 5.7 there is f>0

sup e®[7,] <efV
Ty

Now, for any a >0
PﬂNN(AEO,ty]) <P',’$’(AEO,,’]A {r,<e™}) + PR(r,=e™)

EY
S P(Afy, avy) + % [ Chebychev]

K
<P ( U [B(e/2,26",20'n) L B(¢g/2, 28", 26'n + 5’)])
n=0
aN

< e—: sup P¥(B(¢g/2,25",0)) + pf— 0N
5
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Now, similarly to ref. 14 Eq. (4.10), there is ¢ >0 such that for any />0,
ny and N large

P™(B(e, d)) <exp(N(cA? 6" —el))

Hence, optimizing over /

1 _ ,
p%v(AEO’ ry])) elF—9N 4 = oNla—e/4cd)

We can choose a and ¢’ such that f—a= —a and (« —¢&*/(4cd')) = —a.
This just requires that &' <&%/(4c(2a + B)). The result follows easily. [

Let B be an open neighborhood of [m—y,m+yleS, and D=
I'z,,+ B. Note that D is closed. Now, we define E; and E, in D([0, T], S,)
by

E,={ueD([0, T1,S,): u(0)e B, 3t < Tu(t)e D (int I'y,,)}
E,={ueD([0,T],S,): u(t)e B, Vt<T}

Lemma 7.3. For any M >0,
{u: I (\)SM}nE,CE, i=1,2 (7.10)

and

1 .
—; log(sup P(unlny) € E)) 2 inf Iy (7.11)
N " E

Proof. The arguments for E; and E, are similar so we show it only
for E,. Let u,cE, converging to u in the Skorohod topology and
I(u) < M. We recall that this means that for ¢ > 0 there is n, such that for
n>n,

infsup d(u(g(2)), u,(t)) <& (7.12)

g t<T

where g is an increasing bijection of [0, T} and d is any metric for the
weak topology.” As I-(u) < co, u is continuous in time so it is enough to
show that

inf inf  d(v,u(t))=0

t<T Dn(int Ip, 7)5
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But because u,€E;, (7.12) means exactly that. Observe now that
Theorem 5.11 gives that

1 . .
_NIOg(SuP Pun(ny) e E))>infIr> lim EfE—'in{ITSM} Iy
n E; M — o0

>infly
E;

where, in the last step, we used (7.10). |
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